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ABSTRACT 
A new approach to the perturbative analysis of dynamical systems, which can be described ap-
proximately by soliton solutions of integrable nonlinear wave equations, is employed in the case 
of small-amplitude solutions of the ion acoustic wave equations of Plasma Physics.  Instead of the 
traditional derivation of a perturbed KdV equation, the ion velocity is written as a sum of two 
components: elastic and inelastic.  In the single-soliton case, the elastic component is the full solu-
tion.  In the multiple-soliton case, it is complemented by the inelastic component.  The original 
system is transformed into two evolution equations:  An asymptotically integrable Normal Form 
for ordinary KdV solitons, and an equation for the inelastic component.  The zero-order term of 
the elastic component is a single- or multiple-soliton-solution of the Normal Form.  The inelastic 
component asymptotes into a linear combination of single-soliton solutions of the Normal Form, 
with amplitudes determined by soliton interactions, plus a second-order decaying dispersive wave.  
Satisfaction of a conservation law by the inelastic component and of mass conservation by the dis-
turbance to the ion density is determined solely by the initial data and/or boundary conditions im-
posed on the inelastic component.  The electrostatic potential is a first-order quantity.  It is af-
fected by the inelastic component only in second-order.  The charge density displays a triple-layer 
structure.  The analysis is carried out through third order. 
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1.  Introduction 
The KdV equation is an integrable approximation for several dynamical systems.  It describes uni-
directional solitons.  The perturbed KdV equation (PKDVE) contains the terms that have been ne-
glected in the approximation.  Its derivation consists of two stages: 
 
I.  Expansion of the dynamical quantities of the original system in power series in a parameter. 
II.  Derivation of the PKDVE for the lowest-order approximation of one dynamical quantity. 
 
The freedom in the expansion in either stage is substantial.  In the traditional approach [1-7], 
where higher-order corrections are assumed to be differential polynomials in the zero-order ap-
proximation to the solution, the first-, second- and third-order corrections may contain up to 7, 23, 
and 74 monomials, respectively, with free coefficients. 
 
The resulting PKDVE is asymptotically integrable if the expansion of the solution satisfies: 
 
1) The zero-order approximation is the solution of an integrable Normal Form, which has the same 
soliton solutions as the unperturbed KdV equation, and merely updates soliton velocities. 
2) Higher-order corrections are differential polynomials in the zero-order approximation. 
 
The perturbation contains “obstacles to asymptotic integrability” if requirements 1 & 2 above can-
not be satisfied simultaneously in some order.  Obstacles emerge from second order onwards in 
the cases of the PKDVE [1-7] and the perturbed NLS equation [8, 9], and from first order - in the 
cases of the perturbed Burgers [10, 11], and mKdV [12] equations.  Obstacles do not emerge in 
the single-wave case [6, 9, 13-16].  In the multiple-soliton case, they constitute a part of the inelas-
tic soliton interactions.  For a general solution, obstacles emerge unless the perturbation obeys 
specific constraints [5-9].  In the traditional analysis [1-7], obstacles spoil the simple structure of 
the zero-order approximation in the multiple-soliton case [5, 6, 8, 9]:  The Normal Form ceases to 
be asymptotically integrable; soliton parameters develop time dependence; and the zero-order term 
loses the simple elastic scattering nature of solutions of the KdV equation. 
 
Another hurdle is the emergence of contributions in the perturbative solution, which do not vanish 
asymptotically far from soliton trajectories in the multiple-soliton case.  It is encountered in the 
traditional expansion [1-7] when obstacles to integrability exist [6, 9].  Non-vanishing terms of 
another type emerge in the analysis of the shallow-water equations:  One is forced to incorporate 
in the solution a purely non-local third-order term, which does not vanish asymptotically far from 
soliton trajectories [7]. 
 
Small-amplitude solutions of the ion acoustic wave equations of Plasma Physics [17, 18] may not 
suffer from these problems.  Admittedly, the existence of a second-order obstacle to integrability 
in the PKDVE was demonstrated in [6].  (The PKDVE was derived for the ion velocity, with spe-
cific choices made in the freedom in the expansion, through first order in [17, 19], and through 
second order in [6].)  However, the numerical analysis of [19] showed that the solution of the full 
system is comprised of KdV solitons (with soliton parameters updated by the effect of the pertur-
bation) plus a very small radiative tail that decays in time.  This suggests that, perhaps, one may 
not be compelled to incorporate asymptotically non-vanishing terms in the perturbative solution 
for this system, and that obstacles to integrability need not spoil the simple physical picture. 
 
A consistent expansion, which does not contain asymptotically non-vanishing non-local terms, can 
be obtained already in the traditional analysis [1-7] of the ion acoustic wave equations.  This is 
shown in the first part of this paper.  To overcome the effect of the unavoidable obstacles to inte-
grability [6], a recently developed perturbation scheme [20], based on the observation that obsta-
cles do not emerge in the single-soliton case [6, 9, 13-16], is then employed.  The solution of the 
ion velocity is written as a sum of an elastic and an inelastic component.  The original system is 
transformed into two evolution equations:  An asymptotically integrable Normal Form for ordi-
nary KdV solitons, and an equation for the inelastic component.  The analysis is carried out 
through third order in the expansion parameter. 
 
The elastic component is the full solution in the single-soliton case, and part of the solution in the 
multiple-soliton case.  Its zero-order term is, respectively, a single- or a multiple-soliton solution 
of the Normal Form.  The latter generates the same soliton solutions as the unperturbed KdV equa-
tion, and merely updates soliton velocities [1-7, 21-23].  Higher-order terms in the asymptotic se-
ries that describes the elastic component are differential polynomials in the zero-order approxima-
tion.  They do not contain any non-local entities (see Appendix B).  As a result, the elastic compo-
nent does not induce updating of soliton parameters beyond their Normal-Form updating. 
 
The inelastic component accounts for soliton interactions in the multiple-soliton case.  The driving 
terms in its evolution equation are confined to the soliton-collision region.  This results in a com-
ponent that is localized along soliton trajectories.  The lowest-order approximation to the inelastic 
component is a wave of solitons and anti-solitons.  This lowest-order term tends asymptotically 
into a linear combination of zero-order single-soliton solutions of the Normal Form.  Through 
third order, the freedom in the expansion allows for the construction of the inelastic contributions 
so that they all asymptote into linear combinations of single-soliton solutions.  The only additional 
effect of the obstacles to integrability, which emerge from second order onwards, is a dispersive 
wave that was previously found in numerical experiments [24-26].  It decays exponentially away 
from soliton trajectories [20].  Hence, like the elastic component, the inelastic component does not 
induce changes in soliton parameters beyond their Normal Form updating. 
 
The Normal Form analysis of the PKDVE is reviewed in Section 2.  The ion acoustic wave equa-
tions are presented alongside with fundamental properties expected of localized wave solutions in 
Section 3.  The traditional derivation for this system of the PKDVE through third order is pre-
sented in Section 4.  Possibilities offered by the freedom in the expansion, as well as the un-
avoidability of obstacles to asymptotic integrability are reviewed in Section 5.  The new expansion 
scheme is presented in Section 6.  Some consequences of physical interest are presented in Section 
7.  A summary is presented in Section 8.  Technical details are given in Appendices A-C. 
 
The two-component picture described above can be applied to a class of dynamical systems, the 
solutions of which can be approximated by localized soliton solutions of integrable non-linear 
wave equations.  This includes, for instance, systems, which can be approximated by the KdV 
equation (e.g., the shallow-water problem) or the NLS equation (e.g., surface waves on a deep 
fluid layer, solitons in non-linear optics) and more. 
 
2.  Normal Form analysis of the PKDVE – A review [1-7] 
The generic form of the PKDVE has the following structure through third order: 
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As in the case of perturbed ODE’s [27-35], the Normal Form analysis of Eq. (2.1) entails two as-
ymptotic expansions [1-7].  The first one is the power expansion of the approximate solution: 
 
 w t, x( ) = u t, x( ) + ! u 1( ) u[ ] + ! 2 u 2( ) u[ ] + ! 3 u 3( ) u[ ] + O ! 4( )   . (2.2) 
 
The second expansion is the Normal Form, expected to govern evolution of the zero-order term, u: 
 
 u
t
= S
2
u[ ] + !" 4 S3 u[ ] + !
2 #
8
S
4
u[ ] + ! 3 $ 14 S5 u[ ] + O !
4( )   . (2.3) 
 
(See Appendix A for the definition of the symmetries, Sn.) 
Eq. (2.3) is asymptotically integrable, and has the same soliton solutions as the unperturbed KdV 
equation [1-7, 20-22].  Denoting the wave number of a soliton by k, the Normal Form merely up-
dates soliton velocities according to: 
 
 v = v
0
+ !"
4
v
0
2
+ ! 2 #
8
v
0
3
+ ! 3 $
14
v
0
4
+ O ! 4( ) , v0 = 4 k
2( )   , (2.4) 
 
In Eq. (2.2), the higher-order corrections, u(n), are assumed to be differential polynomials u.  Their 
allowed forms are given in Eqs. (B.2)-(B.4).  The calculation is reduced to the determination of 
the unspecified coefficients in the polynomials. 
 
Focusing on soliton solutions of Eq. (2.3), it is desirable to ensure localization around soliton tra-
jectories also in the higher-order corrections in Eq. (2.2).  In the multiple-soliton case, all the 
purely non-local terms that are allowed in Eqs. (B.2)-(B.4) do not vanish asymptotically far from 
soliton trajectories.  To preserve the localized nature, one eliminates all these terms by setting 
 
 ai = 0 5 ! i ! 7( ) , bj = 0 14 ! j ! 23( ) , ck = 0 42 ! k ! 74( )   . (2.5) 
 
Eq. (2.5) is assumed throughout the paper.  As will be shown in the following, a consistent expan-
sion is obtained.  A detailed study shows that inclusion of the eliminated terms does not lead to the 
salvation of asymptotic integrability.  (In the shallow-water problem, one cannot apply Eq. (2.5) to 
the third-order coefficients, ck.  A purely non-local term must be included; at least c52 ≠ 0 [7].) 
 
The first-order analysis yields the following values for the coefficients in u(1) [1-7]: 
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In the multiple-soliton case, one may run into an algebraic impasse in orders, n ≥ 2:  The coeffi-
cients of monomials in u(n) may not be determinable.  It is then impossible to account for part of 
the perturbation in the dynamical equation obeyed by u(n).  This part is an “obstacle to asymptotic 
integrability” [2-11].  Obstacles do not emerge only if specific combinations of the coefficients in 
the perturbation in Eq. (2.1) vanish.  An O(ε2)-obstacle does not emerge if [2-7] 
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If Eq. (2.7) is not obeyed, then, through second order, Eq. (2.3) is modified into [5, 6] 
 
 u
t
= S
2
u[ ] + !" 4 S3 u[ ] + !
2 #
8
S
4
u[ ] + µ2 R2 u[ ]( ) + O !
3( )   . (2.8) 
 
Eq. (2.8) is not integrable owing to the presence R2[u], the unaccounted for part of the second-
order perturbation.  In the multiple-soliton case, the solution of Eq. (2.8) does not have the simple 
structure of the solution of the KdV equation [5, 6, 8, 9].  If Eq. (2.7) is obeyed, then obstacles 
emerge in the third-order calculation, unless three combinations of the α-, β- and γ’- coefficients 
of Eq. (2.1), given in Eqs. (C.1)-(C.3), vanish.  When u is a single-soliton solution, obstacles do 
not emerge  even if Eq. (2.7) or its O(ε3) counterparts are not obeyed [5, 6, 16]. 
 
3. The ion acoustic wave equations 
The ion acoustic wave equations represent a collision-less plasma made of cold ions and hot elec-
trons in (1 + 1) dimensions.  In terms of dimensionless quantities, they are [17-19]: 
 
 n! + nv( )" = 0   , (3.1) 
 
 v! +
1
2
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&
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= 0   , (3.2) 
 
 !"" = e! # n   . (3.3) 
 
Eqs. (3.1) and (3.2) are the continuity and momentum-conservation equations of Fluid Dynamics.  
Eq. (3.3) is the Poisson equation for the electrostatic potential, ϕ(τ, ξ).  The electron density, ion 
density and ion velocity are eϕ, n(τ, ξ) and v(τ, ξ), respectively.  τ is time, and ξ is the horizontal 
spatial coordinate. 
 
If the deviations of n(τ, ξ) and v(τ, ξ) from their asymptotic values (n0 and v0, respectively) vanish 
sufficiently rapidly for |ξ| → ∞ at fixed time, then Eq. (3.1) implies mass conservation: 
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In addition, Eq. (3.2) yields the overall change in the electrostatic potential, ϕ(τ, ξ): 
 ! " ,# $ +%( ) = & d
d"
v " ,#( ) & v0( )d#
&%
+%
'   . (3.5) 
 
 
4. Traditional derivation [1-7] of PKDVE from ion acoustic wave equations [17-19] 
Considering disturbances with amplitude of O(ε), |ε| « 1, one first rescales according to: 
 
 n ! ,"( ) = N # , x( ) , v ! ,"( ) = V # , x( ) , $ ! ,"( ) = % # , x( ) # = & 3 2 ! , x = &1 2 "( )   . (4.1) 
 
Eqs. (3.1) – (3.3) become: 
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The stationary solutions of Eqs. (4.2) – (4.4) are 
 
 N
0
= 1 , V = V
0
, !
0
= 0   . (4.5) 
 
Assuming for Φ a zero-boundary condition at x → −∞, Eqs. (4.3) and (4.4) yield: 
 ! = " # $% V " V0( )dx
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x
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A consistent expansion can be obtained for V0 = ± 1.  As the results of the analysis for the two val-
ues are identical, V0 = +1 is adopted for the unidirectional solution.  To derive the PKDVE through 
third order, one has to expand V through O(ε4): 
 
 V = 1 + ! n V n( )
n"1
#   . (4.7) 
 
Substituting Eqs. (4.5)-(4.7) in Eq. (4.2), the latter yields: 
 
 !"V 1( ) = #V 1( ) !xV 1( ) + 12 !x3V 1( ) + $ n #!x V 1( )V n + 1( )( ) + 12 !x3V n + 1( ) # !"V n + 1( ) + Q n( )( )
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In Eq. (4.8), Q(n) are known functionals of V(k), with 1 ≤ k ≤ n.  For example, 
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To transform Eq. (4.8) into the canonical form of Eq. (2.1), one rescales according to: 
 
 V 1( ) ! , x( ) = "3w t, x( ) , V n( ) ! , x( ) = "3w n " 1( ) t, x( ) , n # 2 t = 2!( )   . (4.10) 
 
Eq. (3.13) now becomes: 
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J(n) are known differential polynomials in w and w(k), 1 ≤ k ≤ n.  Once the polynomial expressions 
of Appendix B for w(n) are substituted in Eq. (4.11), and Eq. (4.11) is employed repeatedly so as to 
eliminate derivatives of w with respect to time in its  r.h.s., the perturbed equation becomes: 
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In Eq. (4.12), K(n) are differential polynomials in w.  For example, the O(ε) term is: 
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Like K(1), K(n) , for all n ≥ 1, contain non-local terms, such as q(t,x).  For Eq. (4.12) to assume the 
form of Eq. (2.1), they must be eliminated.  Through third order, this is achieved by the following 
coefficient assignments in Eqs. (B.2)-(B.4): 
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All other coefficients remain free.  The coefficients in Eq. (2.1) now obtain the following values: 
 
!
1
=
1
10
a
2
+
1
5
a
4
, !
2
=
3
10
a
2
" 1( ) , ! 3 =
3
40
"
3
5
a
1
+
3
20
a
2
+
3
10
a
4
, !
4
=
3
4
  , (4.17) 
!
1
=
1
70
"9a
1
a
2
+ a
2
2
+ 2a
2
a
4
+ 9b
2
+ b
5
+ 3b
13{ }
!
2
=
3
140
3 " 6a
2
" 2a
4
" 14a
1
a
2
+ 4a
2
2
+ 14b
2
+ 2b
5{ }
!
3
=
3
560
"3 " 3a
2
" 10a
4
" 56a
1
a
2
+ 8a
2
2
+ 12a
2
a
4
" 8a
4
2
+ 48b
2
+ 4b
5
" 8b
9
+ 12b
13{ }
!
4
=
3
56
"6 + 5a
2
" 4a
1
a
2
+ 4b
2{ }
!
5
=
3
280
"9 " a
2
+ 4a
4
" 24a
1
a
2
+ 4a
2
2 "16a
1
a
4
+ 4a
2
a
4
+ 24b
2
+ 4b
5
" 8b
10
+ 8b
13{ }
!
6
=
1
112
"11 +16a
1
+ 20a
2
+ 20a
4
+ 32a
1
2 " 24a
1
a
24
" 16a
1
a
4
" 64b
1
+ 8b
2
+ 8b
9{ }
!
7
=
3
560
11 " 8a
1
+ 30a
2
+ 40a
4
+ 112a
1
2 " 32a
1
a
2
" 48a
1
a
4
" 160b
1
+ 8b
9
+ 16b
10{ }
!
8
=
5
8
. (418) 
 
Using Eqs. (B.1) and (B.4) for  w(3), the analysis yields expressions for γj, the coefficients in the 
O(ε3)-perturbation in Eq. (2.1).  The expressions for γ1 and γ14 are shown as examples: 
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5. Successes & difficulties in exploitation of freedom in traditional expansion 
The first success of the traditional expansion is that the freedom in the expansion allows for the 
construction of a solution that obeys Eq. (2.5).  It does not contain purely non-local terms that do 
not vanish away from soliton trajectories.  Hence, with the assignment, Eqs. (4.14)-(4.19), for the 
coefficients in Eqs. (B.2)-(B.4), the solution has the potential to obey Eqs. (3.4) and (3.5) through 
O(ε3), provided that w(t,x) of Eq. (2.2) vanishes away from soliton trajectories (for |x| → ∞ at fixed 
t).  This requires that the zero-order approximation, u(t,x), has the same asymptotic behavior. 
Next, some simplification of the resulting solution is possible.  The O(ε)-perturbation in Eq. (2.1) 
is conservative for any values of αI, 1 ≤ i ≤ 4.  Hence, if w vanishes sufficiently rapidly for |x| → ∞ 
at fixed  time, t, then the resulting Eq. (2.1) conserves mass through O(ε): 
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2( )   . (5.1) 
 
To extend the validity of Eq. (5.1) through second order, the following relation must hold: 
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One can satisfy Eq. (5.2), because there are many free b-coefficients in Eqs. (4.18) .  Similar free-
dom exists in the choice of c-coefficients, examples of which are given in Eq. (4.19).  Hence, Eq. 
(5.1) can be extended into 
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dt
w t, x( )dx
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# = O $
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As in the case of Eqs. (3.4) and (3.5), the validity of Eq. (5.3) depends on the asymptotic behavior 
of the zero-order approximation, u. 
 
Finally, through O(ε), the PKDVE can be made into an asymptotically integrable Normal Form 
(see Eq. (2.3)):  It is possible to convert the O(ε) perturbation in Eq. (2.1) into the symmetry S3 
(see Appendix A) by choosing the coefficients ai so that in Eqs. (4.17)  one has [1-7] 
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Then, through first order, the solution for w will have the same form as the solution of the KdV 
equation.  Hence, it will vanish away from soliton trajectories. 
 
However, the emergence of an O(ε2)-obstacle to asymptotic integrability is unavoidable [6].  Eq. 
(2.7), the condition for the absence of an obstacle, is not satisfied.  Using Eqs. (4.17) and (4.18) in 
Eq. (2.7), the contributions of the free a- and b- coefficients cancel out, and 
 
 µ
2
= ! 33 20( )   . (5.5) 
 
Obstacles are unavoidable also in O(ε3).  Substituting the expressions for the α-, β- and γ- coeffi-
cients in the expressions for µ3i, 1 ≤ i ≤ 3 (see Appendix C), all µ3i do not vanish: 
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= 451 240( ) , µ32 = ! 5711 960( ) , µ33 = ! 5711 4800( ) . (5.6) 
 
Owing to the existence of obstacles, it is impossible to make Eq. (2.1) into the integrable Normal 
Form, Eq. (2.3) beyond O(ε).  As a result, all the simplifications discussed above cannot be im-
plemented beyond O(ε) in the traditional analysis.  In particular, Eq. (5.3), and, more important, 
Eqs. (3.4) and (3.5) cannot be obeyed.  The reason is that the zero-order term, u, now solved for 
from Eq. (2.8), does not vanish asymptotically far from soliton trajectories [5, 6, 8, 9]. 
 
6. Two-component description in multiple soliton case and the role of special polynomials 
In the single-soliton case, it is possible to obtain a consistent expansion that does not include any 
non-local terms in the differential polynomials for w(n) (Eqs. (B.2)-(B.4)).  Moreover, obstacles to 
asymptotic integrability do not emerge in this case [5, 6, 8, 9].  Both statements can be checked 
directly by analyzing Eqs. (3.1)-(3.3) in the single-soliton case.  In this paper, they will become 
self evident from the manner in which the solution is constructed. 
 
In the multiple-soliton case, the solution contains inelastic terms from first order onwards.  Some 
have closed-form expressions that contain non-local entities [36].  Others are generated by obsta-
cles to integrability, and cannot be written as differential polynomials.  The obstacles spoil the 
simple structure of the zero-order approximation to the solution [5, 6, 8, 9]; it may not vanish 
away from soliton trajectories.  To avoid spoiling the simplicity of the zero-order approximation, 
and to account for inelastic soliton interactions, the expansion scheme, originally applied to the 
PKDVE in [20], is applied directly to the physical system under consideration.  This scheme 
evades the need to derive a PKDVE that suffers from obstacles to asymptotic integrability. 
 
The ion velocity is written as a sum of an elastic and an inelastic component.  The analysis of Sec-
tion 4 is unaltered up to Eq. (4.10), which is replace by 
 
V
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t = 2!( )
  . (6.1) 
 
The freedom in the expansion will be exploited so as to achieve the following: 
 
1. The lowest-order term, w(t,x), is to be the solution of the Normal Form, Eq. (2.3).  Hence, it de-
scribes a KdV-type multiple soliton solution, with soliton velocities updated by the effect of the 
resonant terms included in the Normal Form through Eq. (2.4). 
2. w(n)[w], n ≥ 1, contribute only to the elastic component.  They are to have the same structure in 
the single- and multiple-soliton cases:  purely local polynomials in w (i.e., constructed out of pow-
ers of w or its spatial derivatives). 
3. η(t,x) is to account for all inelastic soliton interactions in all orders: those that can be expressed 
as differential polynomials in w, as well as the effect of obstacles to asymptotic integrability. 
 
The first-order analysis is presented in detail.  In view of the cumbersome nature of the calcula-
tions, second-order results are presented with less detail, and only final results – in the third-order. 
 
6.1 First-order analysis 
w(1), the first-order contribution to the elastic component, must not contain any non-local terms, as  
they generate inelastic contributions [36, 12, 20].  Hence, of the seven monomials allowed in Eq. 
(B.2), only the two purely local ones are included: 
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With Eq. (6.2) for w(1), and the inclusion of the inelastic component, η(t,x), in the first-order cor-
rection to the solution, K(1)[w] of Eqs. (4.12) and (4.13) is replaced by 
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The first step is to make the O(ε)-part of Eq. (4.12) for w coincide with O(ε)-part of the Normal 
Form Eq. (2.3).  Namely, one wishes to have 
 
 K 1( ) w,![ ] = " 4 S3 w[ ]   . (6.4) 
 
α4 = (3/4) is the coefficient of w5 in Eq. (6.3), (see also Eq. (4.17)), and S3 is a symmetry, given in 
Eq. (A.2).  This requirement determines the dynamical equation obeyed by the inelastic compo-
nent, η(t,x), in lowest order to be: 
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Uη,2 and Uη,3  will be computed in the second-and third-order analyses. 
 
The next step is to make Uη,1 vanish in the single-soliton case.  The single-soliton solution is: 
 w t, x( ) = 2 k2 cosh k x + vt( )!" #$
2
  . (6.6) 
 
Substituting Eq. (6.6) in Uη,1, one finds that this requirement is met for 
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With this assignment, the first-order elastic term (which is the full first-order contribution in the 
single-soliton case!) has been determined: 
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and the driving in Eq. (6.5) term becomes 
 
 U!,1 = "
21
2
#
x
R
6,1( )
, R
6,1( )
= w
3
+ ww
2
" w
1
2( )   . (6.9) 
 
 
This result has important consequences.  First, R(6,1) is a local special polynomial of scaling weight 
6.  (Special polynomials are differential polynomials that vanish identically in the single-soliton 
case.  They are discussed extensively in [20].)  Substitution of Eq. (6.6) confirms that R(6,1) van-
ishes identically in the single-soliton case.  When w is a multiple-soliton solution, R(6,1) is localized 
around the soliton-collision region in the x – t plane and falls off exponentially fast in all direc-
tions in the plane away from this region [16, 44, 20].  Furthermore, it does not resonate with the 
homogeneous part of Eq. (6.5).  As a result, the solution for η(t,x) vanishes far from soliton trajec-
tories [20].  In fact, with Eq. (6.9) for Uη,1, the lowest-order part of Eq. (6.5) is solved by: 
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# t, x( ) + H t, x( ) , # t, x( ) = R 3,1( ) = qw + w1   . (6.10) 
 
In Eq. (6.10), H(t,x) is a solution of the homogeneous part of Eq. (6.5)  (A linear combination of 
symmetries of the KdV equation, see Appendix A.) 
 
The existence of the closed-form solution (Eq. (6.10)) for Eq. (6.5) at the O(ε) level is nothing 
more than the known fact, that the PKDVE is integrable through first order [1-7].  However, the 
structure of Uη,1 (a complete differential of a special polynomial, which is localized around the 
soliton collision region, and does not resonate with the homogeneous part of Eq. (6.5)) is impor-
tant.  It serves as a guideline for shaping the higher-order driving terms, Uη,2 and Uη,3.  The free-
dom in the expansion allows for their construction so that they have the same properties as Uη,1. 
 
Finally, the differential polynomial R(3,1) in the solution, Eq. (6.10) can be made into a non-local 
special polynomial by a specific choice of the limits of integration in the definition of the non-
local quantity q(t,x) (see Eq. (B.1)).  As will be shown in the following, this makes η(t,x) of Eq. 
(6.10) into a purely inelastic term.  The choice employed is: 
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Such a choice is allowed, as it amounts to modifying η(t,x) of Eq. (6.10) by the addition of the 
symmetry, w1, which is a solution of the homogeneous part of Eq. (6.5). 
 
When w(t,x) is the single-soliton solution, q(t,x), as defined in Eq. (6.11), is given by: 
 
 q t, x( ) = 2 k tanh k x + vt( )!" #$ , q t, x( ) x%±&' %'' ±2 k   . (6.12) 
 
When w is an N-soliton solution, it asymptotes into a sum of well-separated single-soliton solu-
tions.  As a result, the asymptotic form of q(t,x) is: 
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With Eq. (6.11), R(3,1) becomes a non-local special polynomial:  It vanishes identically in the sin-
gle-soliton case, as direct substitution of Eq. (6.6) shows.  However, unlike R(6,1) of Eq. (6.8), R(3,1) 
is not localized around the soliton-collision region in the multiple-soliton case, owing to the pres-
ence of the non-local entity, q(t,x).  The asymptotic behavior of R(3,1) is [20]: 
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(Soliton wave numbers are ordered so that 0 < k1 < k2 < …. < kN.)  In the two-soliton case, Eq. 
(6.14) becomes 
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(In Eqs. (6.14) and (6.15), the w’s are single-soliton solutions of the Normal Form.)  Thus, R(3,1)  is 
a purely inelastic term:  Each soliton is multiplied by wave numbers of other solitons.  In the two-
soliton case, ω(t,x) describes a soliton and an anti soliton, which exchange signs upon an elastic 
collision (see Fig. 1).  Other initial data for ω(t,x) generate additional inelastic processes [20]. 
 
6.2 Second-order analysis 
Of the 23 monomials allowed in the second-order correction, w(2) (see Eq. B.3), only the four 
purely local ones are allowed in the elastic component: 
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For Eq. (4.12) to be a Normal Form through O(ε2), one must have (see Eq. (2.3)) 
 
 K 2( ) w,![ ] = "8 S4 w[ ]   . (6.17) 
 
In Eq. (6.17), β8 = (5/8) is the coefficient of w5 in K(2) (see also Eq. (4.18)), and S4 is a symmetry, 
given in Eq. (A.2).  This requirement determines Uη,2 in Eq. (6.5) to be the remainder of K(2): 
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The next step is to make the driving term in Uη,2 vanish for the single-soliton solution of Eq. (6.6).  
In view of the fact that, in lowest order, Eq. (6.5) is conservative (the lowest-order part of its r.h.s. 
is a complete differential), it is desirable to exploit the freedom in the expansion to make Uη,2  also 
into a complete differential.  These two requirements are met by assigning the coefficients that 
appear in Eq. (6.18) the following values: 
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With these values of the coefficients, the second-order elastic component, w(2), becomes: 
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(This is the full second-order contribution in the single-soliton case!)  Uη,2 of Eq. (6.18) becomes 
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In Eq. (6.21), R(8,k), are the three independent local special polynomials with scaling-weight 8: 
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They all share the structure of R(6,1) [20]. Namely, they vanish identically when w is a single-
soliton solution.  In the multiple-soliton case, they are all localized around the soliton-collision 
region, and decay exponentially in all directions in the x – t plane. 
 
It is possible to account for the effect of Uη,2 in two ways.  One may regard it as a driving term for 
the next-order contribution to η(t,x), or as an additional term in the evolution of η(t,x), Eq. (6.5).  
It is instructive to examine the first option.  The contributions of R(8,2) and R(8,3) to the O(ε)-
component of η(t,x) can be found in closed form: 
 
 !
x
R
8, 2( )
"
1
3
!
x
#!
x
2
R
3,1( )
# 4wR
3,1( )
+ q!
x
R
3,1( )
! # 3q
2
R
3,1( )
+ wR
3, 2( )( )
!
x
R
8, 3( )
"
1
3
!
x
w R
3,1( )
# q!
x
R
3,1( )
! + 3q
2
R
3,1( )
# wR
3, 2( )( )
R
3, 2( )
= 3qw + q
3
# 3q
3,1( )( )
.   (6.23) 
 
Each term in Eq. (6.23) asymptotes into a purely inelastic wave.  Consider, for example, the quan-
tity (w R(3,2)).  (R(3,2) is a second non-local special polynomial of scaling-weight 3.)  When w is a 
two-soliton solution, (w R(3,2))  asymptotes into 
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On the other hand, R(8,1) is an obstacle to asymptotic integrability [20].  The contribution it gener-
ates in the solution cannot be expressed as a differential polynomial in w.  It has been computed 
numerically.  Denoting this contribution by (ε δη), δη obeys the equation: 
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Eq. (6.25) may be simplified by defining 
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The equation obeyed by ω2 is: 
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The driving term in Eq. (6.27) is localized around the soliton-collision region, vanishes exponen-
tially away from that region, and does not resonate with the homogeneous part of Eq. (6.27).  As a 
result, ω2 is expected to be bounded.  Hence, like all closed-form contributions to η(t,x), (ε δη),  
the contribution of the second-order obstacle to integrability, is also expected to be bounded and to 
vanish away from soliton trajectories. 
 
These expectations are borne out by the numerical solution [20].  The main contribution in ω2 is 
similar to the closed-form expressions of Eqs. (6.14), (6.15) and (6.23):  A wave that asymptotes 
into a linear combination of single zero-order solitons solutions of the Normal For Eq. (2.3) [20].  
It is followed by a decaying dispersive wave of the type found by [24-26].  An example of the 
structure of ω2 is shown in Fig. 2 in the two-soliton case.  Zero-initial data have been assumed.  
Within the numerical accuracy, the leading soliton and anti-soliton have the same velocities, phase 
shifts and profiles as the zero-order solitons in the two-soliton solution of the Normal Form, Eq. 
(2.3).  Their amplitudes are determined by the driving term in Eq. (6.27).  A comparison between 
the asymptotic form of ω2 in the two-soliton case and of a sum of two single-solutions (their am-
plitudes obtained from the numerical solution for ω2) is shown in Fig. 3. 
 
If one chooses to regard Uη,2 of Eq. (6.21) as another driving term in Eq. (6.5), then thanks to its 
properties (localized along soliton trajectories; a complete differential with respect to x; the driv-
ing term it contains is localized around the soliton collision region and falls off exponentially 
away from that region), for small ε, Uη,2  of Eq. (6.21) will not modify the nature of the solution of 
Eq. (6.5).  The solution will vanish for |x| → ∞ at fixed t. 
 
6.3 Third-order analysis 
Of the 74 monomials allowed in the third-order term, w(3) (see Eq. B.4), only the seven purely lo-
cal ones are allowed in the elastic component: 
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The first step is to require that Eq. (4.12) is a Normal Form through O(ε3), namely, that 
 
 K 3( ) w,![ ] = " 14 S5 w[ ]   . (6.29) 
 
In Eq. (6.29), γ14 = (35/64) is the coefficient of w7 in K(3) (see also Eq. (4.19)), and S5 is a symme-
try, given in Eq. (A.2).  Whatever remains of K(3) is assigned to Uη,3 in Eq. (6.5). 
 
One wishes to make Uη,3 vanish identically in the single-soliton case (so that the driving terms it 
contains are localized in the x – t plane in the multiple-soliton case), as well as into a complete dif-
ferential.  This determines some of the coefficients ck in Eq. (6.28).  The remaining free coeffi-
cients have been exploited so as to simplify Uη,3.   The following values have been assigned to ck: 
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The third-order elastic term, w(3) , then becomes: 
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(This is the full third-order term in the single soliton case!).  Uη,3 obtains the form 
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In Eq. (6.32), 
 
P w,![ ] =
75
4
!
1
2
+
27
2
!!
2
+
43
16
!
6
+ "
141
10
w
3
+
267
10
w
1
2
+
177
5
ww
2
"
2133
80
w
4
#
$%
&
'(
!
" 126ww
1
+
855
8
w
3
#
$%
&
'(
!
1
"
63
4
w
2
+
201
8
w
2
#
$%
&
'(
!
2
"
15
4
w
1
!
3
"
51
4
w!
4
   (6.33) 
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The driving term, Q[w], is local a special polynomial.  It vanishes identically when w is a single-
soliton solution.  When w is a multiple-soliton solution, Q[w] is localized in the soliton-collision 
region, and falls off exponentially in all directions in the x – t plane away from that region.  Part of 
Q[w] generates in the inelastic component, η(t,x), a closed-form contribution - a differential poly-
nomial in w.  Part of Q[w] is an obstacle to integrability.  The contribution of the latter part to 
η(t,x) has to be found numerically.  Both parts generate solutions that asymptote into linear com-
binations of zero-order solitons, the amplitudes of which are determined by the localized driving 
terms.  The obstacle, in addition, generates a decaying dispersive wave.  (See [20] for details.) 
 
7. Some consequences of physical significance 
To lowest-order, the r.h.s. of Eq. (6.5) is a complete differential: 
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The solution of Eq. (7.1) is Eq. (6.10).  When w is a multiple-soliton solution of an integrable Nor-
mal Form, the particular solution in Eq. (6.10), as well as the symmetries included in H(t,x) all 
vanish for |x| → ∞ at fixed t.  As a result, so does the solution of Eq. (7.1).  Hence, to lowest order: 
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Exploiting the freedom, Uη,2 and Uη,3 have been also made into complete differentials, so as to ex-
tend the validity of the conservation law, Eq. (7.2), through O (ε2): 
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As a result, whether η(t,x) is a conserved quantity or not, depends solely on the initial data and/or 
boundary conditions imposed on Eq. (6.5)! 
 
Next, the elastic component trivially vanishes exponentially fast away from soliton trajectories in 
the multiple-soliton case.  The inelastic component also vanishes there due to the manner of its 
construction.  Hence, the mass conservation law, Eq. (3.4), is obeyed by the perturbative solution.  
Note that solutions that do not obey the conservation law are possible.  However, again, this de-
pends entirely on the initial data and/or boundary conditions imposed on the inelastic component! 
 
Finally, Eq. (3.2) yields the electrostatic potential across the wave solution: 
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#
& $ 12 v2 $ v02( )   . (7.4) 
 
In terms of re-scaled quantities and coordinates (Eqs. (4.1), (4.5) and (4.10)), and the asymptotic 
series for the soliton velocity (Eqs. (4.7), (6.1), (6.8), (6.20), and (6.31)), Eq. (7.4) yields: 
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Here w = w(t,x) and η = η(t,x).  Thus, the electrostatic potential is a first-order quantity.  The ine-
lastic component affects it only in the second order.  As a result, to lowest-order, the electrostatic 
potential is linear in w, the solution of the Normal Form, Eq. (2.3), with α4 = (3/4), β8 = (5/8) and 
γ14 = (35/64).  Namely, it is approximately proportional to the ion velocity wave. 
 
Up to the numerical factor, 3ε, in the scaled coordinates, the charge density is given in lowest or-
der by 
 
 ! = "w
xx
  . (7.6) 
 
Fig.4 shows this approximation for ρ across a single-soliton solution.  It describes a symmetric 
triple layer.  In the case of a multiple-soliton solution, Fig. 4 describes the density profile across 
each soliton sufficiently far from the soliton-collision region.  Fig. 5 shows the charge density 
across the soliton-collision region for a two-soliton solution.  It is a triple layer, but not symmetric. 
 
8. Summary 
In this paper, the perturbative analysis of the ion acoustic wave equations of Plasma Physics has 
been addressed.  The freedom in the expansion allows for the avoidance of pure non-local terms 
that do not vanish away from soliton trajectories (they are unavoidable in the shallow-water prob-
lem), but does not help to eliminate obstacles to asymptotic integrability.  As obstacles spoil the 
simplicity of the zero-order term in the traditional analysis, a new expansion scheme has been em-
ployed, in which the elastic component is constructed so as to have the same structure as the full 
solution in the single-soliton case (where obstacles to integrability do not emerge, and non-local 
terms can be totally avoided).  The zero-order approximation of the elastic component is the solu-
tion of an asymptotically integrable Normal Form. 
 
The inelastic component represents the net effect of soliton interactions in the multiple-soliton 
case.  Eq. (6.5) governs the evolution of the inelastic term.  It is driven by terms that are localized 
in the soliton-collision region.  All the driving terms on the r.h.s. of Eq. (6.5) (integrable ones and 
obstacles) are all localized around the origin in the x – t plane, fall off exponentially away from 
there, and do not resonate with the homogeneous part of Eq. (6.5).  This results in a solution for 
η(t,x) that is bounded and vanishes away from soliton trajectories.  Through third order, the lead-
ing part of this solution is a wave of solitons and anti-solitons that are asymptotically proportional 
to the zero-order single-soliton solutions of the Normal Form [20].  Hence, they do not lead to 
modification of soliton parameters.  The obstacles add a decaying dispersive wave.  The emerging 
physical picture is in agreement with the numerical results of [19]. 
 
The inelastic component is constructed in such a manner that physically meaningful properties of 
the full solution depend solely on the boundary conditions and/or initial data chosen for the inelas-
tic component.   This includes the satisfaction by the inelastic component of the conservation law, 
Eq. (7.3), and of mass conservation Eq. (3.4) by the disturbance to the ion density. 
 
Finally, the two-component approach can be applied to other dynamical systems, the solutions of 
which can be described approximately by solitons solutions of integrable non-linear wave equa-
tions.  This is the case with the classical shallow-water problem, as well as with systems that can 
be approximated by the NLS equation.  The results of these analyses will be published elsewhere. 
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Appendix A. Symmetries 
The equation that determines u(n), the nth-order correction in the solution of the PKDVE is 
 
 !
t
u
n( )
= 6!
x
uu
n( )( ) + !x3u n( ) + F n( ) u[ ]   . (A.1) 
 
F(n) represents the effect of the nth-order perturbation in Eq. (2.1) and the lower-order corrections, 
u(k), 1 ≤ k ≤ n-1.  The homogeneous part of Eq. (A.1), the linearization of the KdV equation, is 
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t
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3
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Eq. (A.2) has an infinite hierarchy of solutions [3-7, 37-56], the symmetries of the KdV equation.  
The first few are: 
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As a symmetry is a solution of Eq. (A.2), adding a symmetry as a driving term: 
 
 !
t
u
n( ) = 6!
x
uu
n( )( ) + !x3u n( ) + µ Sn u[ ]   , (A.5) 
 
will generate a linearly unbounded solution for u(n)(t,x).  This is resolved by shifting the contribu-
tion of symmetries to the Normal Form, Eq. (2.3). 
 
Appendix B. Differential polynomials for higher-order corrections 
The differential polynomials given below are to be used in the perturbative analysis of the solution 
of Eq. (2.1).  Differential polynomials of identical composition are to be used in Sections 3 - 6, 
where the derivation of Eq. (2.1) for the ion acoustic wave equations is presented. 
A convenient manner to generate all differential monomials allowed in a given order is the use of 
the notion of scaling weights [37-43].  If u, ∂t and ∂x are assigned the weights 2, 3 and 1,  respec-
tively, then all terms in the KdV equation have a cumulative scaling weight of 5.  The higher-order 
perturbation terms have scaling weight of (2 n + 5), where n is the order of the perturbation term.  
The analysis then dictates that u(n), the nth-order correction to the solution ought to have scaling 
weight of 2(n + 1).  The monomials may be constructed from powers of u and its derivatives with 
respect to x, as well non-local terms that are integrals of such monomials with respect to x.  Con-
sidering the application to soliton solutions, only non-local terms that are bounded in the x - t 
plane for such solutions are incorporated.  For an analysis through third order, these are: 
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In q(k,l), k denotes the scaling weight, and l is a running index.  Scaling-weight considerations al-
low the following expressions for w(n), with wk = ∂xkw: 
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Appendix C. Conditions for absence of third-order obstacles to integrability 
Extending the analysis of [3-7] to third order, it is found that for the absence of third-order obsta-
cles to asymptotic integrability, the following quantities must vanish. 
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Fig. 1 Asymptotic behavior of ω of Eq. (6.10) in two-soliton case, long before (t = −800) and after 
(t = +800) collision, k1 = 0.1, k2 = 0.2. 
Fig. 2 Solution of Eq. (6.27) for ω2, in two-soliton case, k1 = 0.1, k2 = 0.2. 
Fig.3 Comparison of asymptotic behavior of ω2 of Eq. (6.27) with single-soliton profiles in two-
soliton case, k1 = 0.1, k2 = 0.2.  Full line - ω2, dashed line – sum of two single solitons with ampli-
tudes determined from numerical solution for ω2. 
Fig. 4 Lowest-order approximation to charge density across single-soliton solution, k = 0.2. 
Fig. 5 Lowest-order approximation to charge density across two-soliton solution within soliton-
collision region (t = 0), k1 = 0.1, k2 = 0.2. 
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